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Motivation

Mirror symmetry
Remodeling theorem Intersectlon theory
GW invariants

Matrix models Topologlcal Recursmn

/\/

{ SYM in 4d, 5d J

quantum curves

WKB analysis J

instanton partition function

[Integrable hierarchy}

Q: Are there any fundamental structures underlying?
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Story of Topological Recursion

‘Abstract loop equations ‘

v N\
solve geometrically: solve algebraically:
o pants decomposition o vertex operator algebras
o residue analysis o Virasoro constraints
\J 3
‘Topological recursion ‘Airy structures‘

Q: Can we extend this story with supersymmetry??
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Definition
V=Vyevec I,={1,..,dmV,}, pe{0,1}
Coordinates: ((z%)ier,, (0%)icr,,0%)
Grading: degz’ = 1 = deg ' = deg0”, degh = 2.
Dp(V) == (C[(mi)ielm (hOyi)iery, Iy (0")ier,,0°, (hdgi )ier, Rdgo].

Definition: A “super Airy structure” is a set Sy = {LE”)}iGIP of
parity-preserving operators LEI’) € Dp(V) satisfying:
1. Viel, L =ho, +deg>2,
viel, L =hoy +deg>2,
2. Vi, j, k € I, there exists f € Dy(V) such that
[Lz(pi)’L;Pj)]s —h z‘kle(cpk)'
Remarks:
e There is no L") = hdyo +---! (1° appears in deg > 2 terms)
e 4 variables = # differential operators +1
e we call 6° the extra variable.
Q: What is it good for?
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Partition Function and Free Energy
Theorem:(Bouchard-Ciosmak-Hadasz-O-Ruba-Sutkowski)
Given a super Airy structure S4, there exists a unique power
series F € C[(z")ic1y, (0)ic1,,0°, R] such that:
S1 F(x,0) is even (bosonic)
52 F(x,0) does not have terms of degree < 2,
S3 F(x,0) satisfies the following set of differential equations
Viel, LWe™# =0

2

More explicitly,

F(z,0)= Y > >

920,n>0,m>014y,...,in€{I0} j1,- -, Jm €{0, 11}
B9
nlm!
By assumption, Fg,n\m(ih eeey Zn|]1a --~aj2m) S (C
S1 & S2 implies F ,jom+1 = Fo1j0 = Fo,210 = Fo02 =0
S3 gives a set of recursive equations for F o,
Q: How does the recursion look like?

. . . . 7, 7, a 1
Fg,n|m(zl7 ceey Zn|.717 ~7m)x Loo.ghnglt...gm
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Recursion
Let dim Vy > 0 and dim V; = 0, then consider a quadratic Airy
structure Sy = {L(-O)}ielo of the form:

hZ .
LEO) = haa:, — 7A74jk$']$ — th x‘ja ko C‘Zkag;]axk - h-Dl)

where A;ji, Z],C]kD eC.

For 2g+n > 2 and J = {i1, ..., in},

F(x) .
e n =0 gives

Fo3(io,i1,92) = Aigiis, F1,1(i0) = Dj,
Fg n+1 Zo, Z Blolr gn k J\Zr)+0] g— 1’n+2(]7k ‘])

relp

+ Z Z CgOkFg17n1+1(j7 Jl)F92,7L2+1(k7 JQ)
JiUJ2=J g1+g92=g

® RHS depends only on F}, ¢ of 2h + 5 < 29 +n + 1,

® pictorially, RHS is a trivalent-graph decomposition

® higher degrees — mutli-valent graph decomposition
Q: Now what happens with fermions?
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Recursion with Fermions

For dim V), > 0, a quadratic super Airy structure

Sa = {Lgp)}iejp is written in the form:

LZ(-O) = h@zz - 7Aljk£L‘Jl’ - thJZ 8 k — —C’]ka jé‘ k

1 ‘ : h?
fEi|a(,9“'9*j — th‘ (19([8&& — G” 3d90 ()gi

where Ajjx, BY, CI¥, Dy, By, Fl) G‘“e(C and o, 8 € {0,1,}.

150 ila?

e Similarly, {L }le 7, are written with four more parameters

B Y1)
Hjl().‘fﬂ‘[lel?JILl/j?K eC
o L5 — () gives a recursion for F in t f
; " =0g gn|2m D terms o

ABCDEFGHIJK.

® trivalent graph decomposition with fermionic edges
(and special care for signs and the extra variable)

Q: How can we find interesting super Airy structures?
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Vertex Operator Algebras
Airy structures for TR o twisted modules of
of ramification order r W(gl,)-algebra

Airy structures for TR o untwisted modules of
without branch covers W(gl,)-algebra

4 classes of super Airy structures can be constructed in terms of
modules of the AV = 1 super Virasoro algebra:

classes boson | fermion | sector | application
untwisted X X NS O
p-twisted X @) R O
o-twisted O X R ?
p-twisted O O NS O

p-twisted module turns out to be a natural supersymmetric
generalisation of topological recursion of simple ramification
Q: What is the p-twisted module?
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p-twisted module
For {z',22,...} and {0°,0%,0?%, ...},

Va € Zso, Jo=Hhdpe, Jo=0, J_q=az®

90
Va € Z~g, ['y=hdp., TIy= 5 + hdgo, T'_,=06%,
nez L :12(,1)j*1.!].(] ,.+E5
) 2n 2 : s J—g3J2n+j3 - 4 n,0
JEZ
+5 Z T FJ+Z71 :
jEZ
meZ, G27n+1 = Z(_l)j71 : J*j]-—‘jJerJrl :
JEL

{J2i, U251, Lai, Goiv1 bicz, generates (a slight extension of)
the N = 1 super Viraroso algebra in the Neveu-Schwarz sector.
Lo, G9; 1 do not have deg 1 terms (= hd,i, hdyi)!?

Q: How to turn it into a super Airy structure?
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Conjugation — adding degrees of freedom
For Tl7¢kluz/)aﬂ € C with k7l > ]-7 a)ﬁ > 07
(171l = 0, |73] # 0 br1 = dik, Vap + Vo + Vaotpo = 0, Yoo = 0),

) 1 7| Pkl Yap
d :=exp 7 ZTJl—l—ZWdJJI—l—Z QFF;

1>0 1,k>0 a,3>0

Vi>1, H}=®J® "', H?=®Ly 4,
El = @0y 107!, F? = @Gy 307"
Proposition:(Bouchard-O)
Sa={H} H? F' F?};>1 defines a super Airy structure for

every choice of T, Okels Vab-
= there exists a unique free energy F'.

SAS T, Okl Vap — Fg,n|2m(i17--win‘j1-/-~--/].2m)

Q: How can we find abstract super loop equations?
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Story of Super Topological Recursion?

‘Abstract super loop equations?‘

e N\
solve geometrically: solve algebraically:
o pants decomposition o vertex operator algebras
o residue analysis o super Virasoro constraints
3 \J

Super Topological recursion?‘ ‘.S’uper Airy structures

Virasoro algebras — N = 1 super Virasoro algebras but...

Q: Any constructive approach?
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Things to Check

Hermitian matrix models — topological recursion
supersymmetric analogue of Hermitian matrix models?
¢ supereigenvalue models in the NS/R sector

® derive their loop equations for correlation functions
® obtain a polynomial equation in the leading order
® investigate pole structures of correlation functions

¢ find a universal structure in their loop equations, regardless
of the sector (highly nontrivial)

® define abstract super loop equations

® solve them algebraically by super Airy structures and
geometrically by super topological recursion

Q: What is the initial data of the recursion?
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Super Spectral Curve
Definition:
A local super spectral curve S¢ is a quintuple
Sc = (Clllﬂv wo, 110, Wo,2(0> W0,0[2)
® g:(z,0)— (—20),

® 3 choice of 7
wo,1j0(2 E 27z,

1>0
® a choince of ¢y

dZ1d22
b1l
wo,2j0(21, 22|) = = 2)? E br1 2] dzidz,
k,1>0

® a choice of 1, with © =0 + zdz&e

1 21 —+ z92 (‘)1(‘)2 lbab Q/Jba b 1 1
et L - 25~ 010
w0’0‘2(|217 22) 2 21 — 22 2172 ;O 1+ 6ab ’

71| =0, |13 kl = Dk, Yap + Ysa + VYaogo = 0, Yoo =
(I =0, |r3| # 0 ¢ = ¢ + Yo + 0 0)
Q: Why is wq g2 in this form?
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A Few Remarks

Remarks:
® (711, b1, Vap) completely fixes a local super spectral curve
® 02 =2dzs0 0O ~ Vzdz,
® in the limit z; — 29,

Vdz dzo n

w0,0\2(|2’172'2) ~ 71 — 23

Given a local super spectral curve S¢, we can then define
abstract super loop equations for wy o,

There is a set of formulae that recursively solves abstract super
loop equations, and construct wy ,jom (21, .- Zn|ti1, ..., U2y, ) for

29 +n+2m > 3 (u; = (u;, 0;)).

We call the set of these recursive formulae wg (2.,

“N =1 super topological recursion”

Q: How different is it from the standard one?
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Super Topological Recursion

For J = (z1,...,2n), K = (u1, ..., u2m)
womirfo (0, J|K) = S Res K55 (20,2, 0(2))
Wg— 1n+2|2m(z o(z), J|K)
+ > > (D) Wy mit1j2m, (25 J1 K1) Way gt 2ma (0(2), Ja| o)

g1t+g92=9 J1UJa=
KiUKy= K

— Dz ° wgfl’”|2m+2 JK) U=‘7(Z)

+ Z Z (_]-)pDz 'wgl,n1\2m1(J1 Kl)ng,n2|2m2(JK2)

g1+g2=g J1UJa=J
KIUK>=K

+ (z o U(z)))

There is a formula for wg 2, (J|u1, K) with K = (ua, ..., uay,) too.

[gluing two fermionic edges!]

Q: What is a relation to the super Airy structure?
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Equivalence

Summary:
STR : 7, ki, Yap — wg,n\Qm(Zla ey Zn‘ul-/ oy U2in)
SAS 7, Bkt Vab — Fgnjom (i1, - nlit, s J2m)
Q: Any relation between Fy |5, and wy (2,7
Theorem: (Bouchard-O)

For each choice of (7, ¢, vas), there exists a natural basis of
expansion (d§_;);>o0, (1—;);>0 such that

wg,n|2m(zla ) Zn|ulv 11,27,,,) - Z F ,n|2m(ila ) Zn|}1 ceey ij)
Tlyeens in>1
71....,‘]'2"12()
n 2m
Q) dé i (21) ® Q) -, (i, 01)
k=1 =1

Key of the proof : abstract super loop equations!
Q: Any interesting applications in physics and mathematics?
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TR v.s. STR

TR with (77, dp) — W;F,E

STR with (7, $x, Var) — Wonjom

Any relations between wg’%

e For any (77, dris Vab),
TR TR
iy = 8, Bt g g0 7 1 for g > 1

¢ For (Tla ¢kl7 qr/}(lb) = (Tl, 0, O),

T
for all g > 0, Wy,njo = 29 wgﬁ » |Wgn|2 # 0], Wynja =0

and wg 10 77

Applications:
1. (71, ¢k, Yab) = (61,3, 0,0)
Physics: (2, 4k)-minimal model coupled to Liouville supergravity

Q: any interpretation for w, ,» in enumerative geometry?

g,

2. (71, Gkt Yap) = (11,0,0) with v2cos(2mz) = )5 7zt
Wg,njo — volumes of moduli spaces of super Riemann surfaces
Q: any interpretation for wy 277
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Supereigenvalue Models

Supereigenvalue models
= supersymmetric analogues of Hermitian matrix models
The Neveu-Schwarz sector (¢ # 0, 1u, # 0)

® (global) bosonic spectral curve: y? — 22 + txg = 0

o NS — 99 wg)l:; = 29 (MM

9,n]0 g.n
A surprise appears in the Ramond sector

The Ramond sector (¢, # 0, 1u, # 0)
* (global) bosonic spectral curve: zy? —x +tg =0
® wit i # 20wy, for g > 1
¢ contributions from the Airy-like branch point (x = tg) are
computed by the super topological recursion

® there is no contribution from the Bessel-like branch point
(x = 0) due to supersymmetric effects!
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Relation to the AGT correspondence

The following three are mutually related:
¢ Nekrasov partition functions and Gaiotto vectors for (pure)
N = 2 supersymmetric gauge theory (4d)
® Whittaker vectors in conformal blocks (2d)

® topological recursion without branch covers
Can we extend this relation to STR? The answer is, YES

® super topological recursion “without branch covers”
:= super topological recursion corresponding to untwisted
and p-twisted modules
e Whittaker vectors in superconformal blocks (2d)
e Nekrasov partition functions and the Gaiotto vectors for
(pure) U(2) N = 2 gauge theory on C2/Zy (4d)
— still conjectural
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Summary

choice of (Tl’ ¢kla 7vZ)ab)
— a local super spectral curve

— a super Airy structure

SAS : 0, Pkt Yab — Fg,n|2m(i17"'7in‘jl7"'7.j2m>
STR 1 71, Gty Yab — W nj2m (215 o ZnfUn, oy Uam)

Many more to be investigated...
® enumerative interpretations of wy ,12,,,>2
® extension to W(osp(1|2n))-algebras?
e N = 2 super Virasoro algebra?

global super spectral curves?
® Super quantum curves?
Super CohFT?



Thank you
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