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If ¢ is Borel summable and we recover the “true” function ¢(z) from the Borel sum
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Ambiguity strikes back

If we Borel transform the example from before with 4 > 0
B 1
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There's a pole on R*! We can deform the contour to go slightly above or below
the real axis. But an ambiguity remains
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In order to cancel ambiguities the Stokes constants o; must depend themselves
on the ray in the complex plane where we perform the Borel summation.

The Borel transform of the perturbative part knows about the transseries sectors!
E.g. the position of poles and branch cuts match the weights A;.




The resurgence program in QFT

We can then take the following ideas to the study of QFT

® Observables in QFT are given by Borel summations of transseries, which in
the end are ambiguity-free. This makes sense of perturbative QFT and
integrates non-perturbative physics.




The resurgence program in QFT

We can then take the following ideas to the study of QFT

® Observables in QFT are given by Borel summations of transseries, which in
the end are ambiguity-free. This makes sense of perturbative QFT and
integrates non-perturbative physics.

® We can use large order behaviour of perturbative QFT to probe
non-perturbative effects.




The resurgence program in QFT

We can then take the following ideas to the study of QFT

® Observables in QFT are given by Borel summations of transseries, which in
the end are ambiguity-free. This makes sense of perturbative QFT and
integrates non-perturbative physics.

® We can use large order behaviour of perturbative QFT to probe
non-perturbative effects.

@ Often, large order is enough to specify the structure of the transseries (e.g.
the 4; and c,(:)), though not the numerical values of the Stokes constants o;
(counterexamples: Di Pietro et al. 2021, Kozcaz et al. 2018).




The resurgence program in QFT

We can then take the following ideas to the study of QFT

® Observables in QFT are given by Borel summations of transseries, which in
the end are ambiguity-free. This makes sense of perturbative QFT and
integrates non-perturbative physics.

® We can use large order behaviour of perturbative QFT to probe
non-perturbative effects.

@ Often, large order is enough to specify the structure of the transseries (e.g.
the 4; and c,(:)), though not the numerical values of the Stokes constants o;
(counterexamples: Di Pietro et al. 2021, Kozcaz et al. 2018).

® Sometimes we are able to construct the transseries from first principles, e.g.
the semi-classic expansion of a path integral. But this is not always the case

and there is no general framework.
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Can we have a physical first principles construction of the transseries?
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Meet the renormalons

Why are series factorially divergent? With instantons, coefficients are factorially
divergent because of the number of Feynman diagrams at each order.

But a series can also diverge because individual Feynman diagrams through their
momenta integration become too big. We call this a renormalon effect
(discovered in renormalizable theories, and baptised in analogy with instantons.).

Figure 2: A typical renormalon diagram in particle physics.
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For instantons we have a semi-classical picture of non-trivial saddle points.

There is no general path integral description of renormalons. There is work in
that direction by Unsal, Dunne et al,, but there could be no semi classical
description at all!

From RG arguments, they are expected in asympotically free theories. Importantly,
there is a renormalon effect in QCD (it is the dominant pole in the positive real
axis, beating the instanton onel).

How can we know if there is a renormalon effect in a theory?
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The ground state of integrable models can be described by an Bethe Ansatz
integral equation (BAIE) of the form

B
£(6) + / KO = 0)1(0)d8" = g0 (0). (2.7)

A method by Volin (2009) gives f(6) as a power series in the weak coupling limit
(B > 1) to arbitrarily high order (40-50 exactly, Abbot et al. get 2000 numerically
in a special case.).
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Gaudin-Yang model

The Gaudin-Yang model (1967)

is a one dimensional N -particle gas of spin 1/2 fermions in a circle of length
L. We take the limit of finite n = N/Land N, L — co.

has an attractive interaction given by a -function interaction potential of
coupling g. We normalize to the dimensionless coupling v = g/n.

is integrable, its ground state is characterised by a BAIE

fle) 1 (% fydy
2+277/_B(x—y)2+1_1’ _B<z<B. (38)

can be generalised to N, spin components.




Volin’s method in a flash

The method focus of the resolvent

R(z) = ’ Ly)dy (3.9)

-BXT—Y

from which we obtain f and its moments

f(z) = 1 —(R(z +1i€e) + R(z — ie)), Z T / dy.  (310)

i
k>0

And the equation can be written in terms of the resolvent and it's shifts
Du(z) = u(z +1) as

(1+ D)R(z +i€) — (1 + DY) R(z — ie) = —4i, (311)

10




Two regimes picture

The equation for the resolvent can be solve in two limits.

The edge regime z = B + z, B — oo (z finite) reduces to the solution of a
Wiener-Hopf equation, but it can only specify the coefficients at leading order in
1/B.
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Two regimes picture

The equation for the resolvent can be solve in two limits.

The edge regime z = B + z, B — oo (z finite) reduces to the solution of a
Wiener-Hopf equation, but it can only specify the coefficients at leading order in
1/B.

The bulk regime = = Bu, B — oo (u finite) is tackled with an ansatz fixed by the
complex properties of the resolvent and the perturbative expansion of the
equation, but there is an homogeneous solution which is not fixed.

Comparing the two limits fixes the unknown parts of both!
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Asymptotics of the series

The weak coupling expansion of the ground state energy

I L OLLI S

<fiBB acf(x)dx) k>0
w? j+’72 CB3) 3 3CB3) 4
2

e(v)

T 12 6 4 276
3¢(3) 5 5(5¢(3)+3¢(5 3 (12¢(3)2 + 35¢(3) + 75¢(5)
_ fr(s) 5( (4)7T10 ¢( )),76_ ( - )77+O(78)

(312)
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Resurgent analysis

Using more than 50 coefficients

1
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Resurgent analysis

Using more than 50 coefficients

1
C ~ —;(H)*kﬂr(;{; -1, k>1 (313)

This leads to a Borel singularity at ¢ = 72 and a non-perturbative ambiguity
2y ™/ (314)

This matches the physics of the superconductor behaviour of the system.

Comparing with numerical solution of the integral equation we can specify the
first Stokes constant
o1 = +i. (315)

13
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Figure 3: Ring diagrams all the way down.
Ring diagrams...
@ are factorially divergent in one dimension due to integration in the IR.

® don't cancel because they dominate at large N,
@ provide the correct weight

Superconductivity manifests in the weak coupling expansion as a renormalon! We
also identified evidence for this in other systems, even non-integrable ones. 14
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@ Volin's method extracts the perturbative series (this was Volin's original use).

® We find a more complicated asymptotic behaviour: there are poles in the
negative real axis and the leading singularity in the positive real axis is a
rational power branch cut. It is hard to go beyond leading order.

® We can use large N to isolate Feynman diagrams and confirm the leading
order behaviour in IR as well as the UV behaviour, checking that it is a
renormalon effect.

Can we do better?
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We have so far shown how we can use integral equations to extract large order
perturbative information from which we probe non-perturbative information.
However, can we extract non-perturbative information as well?

We have found that Wiener-Hopf representation of the integral equations holds
information about the non-perturbative sectors. Surprisingly, we found some
effects that do not correspond to standard renormalon or instanton predictions!

However, this method is not as good to calculate large order in perturbative
series (for now?).
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Take-home ideas

@ Resurgence is a useful tool to make sense of both perturbative and
non-perturbative physics in quantum field theory.

@ Both instantons and renormalons are needed in quantum theory but the
latter still need more study.

® Renormalons exist far beyond renormalizable theories.

@ Integrability is a powerful tool to study perturbation theory and resurgence
analysis.

® Condensed matter is a interesting lab for renormalon effects.
Non-perturbative effects are more isolated and possibly experimentally
testable.




Thank you!
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